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VANISHING AND ESTIMATION RESULTS FOR HODGE NUMBERS
PETER PETERSEN AND MATTHIAS WINK
Abstract. We show that compact Ka¨hler manifolds have the rational cohomology ring
of complex projective space provided a weighted sum of the lowest three eigenvalues of
the Ka¨hler curvature operator is positive. This follows from a more general vanishing and
estimation theorem for the individual Hodge numbers.
We also prove an analogue of Tachibana’s theorem for Ka¨hler manifolds.
Introduction
A major topic in geometry is the question how curvature conditions restrict the topology
of the manifold. In the case of Ka¨hler manifolds, vanishing results for harmonic forms imply
restrictions on the Hodge numbers. This principle goes back to Bochner [Boc46], who proved
that compact Ka¨hler manifolds with positive Ricci curvature cannot admit non-vanishing
holomorphic p-forms, i.e. hp,0 = 0 for 1 ≤ p ≤ n, where n denotes the complex dimension
of the manifold. In fact, Bochner proved that if the Ricci curvature is k-positive, i.e. if the
sum of the lowest k eigenvalues of the Ricci tensor is positive, then hp,0 = 0 for k ≤ p ≤ n.
In particular, hn,0 = 0 provided the scalar curvature is positive. Similar results have been
obtained by Greene-Wu [GW72] in the non-compact case and by Kobayashi-Wu [KW70] in
the case of compact Hermitian manifolds.
X. Yang [Yan18] proved that compact Ka¨hler manifolds with positive holomorphic sec-
tional curvature also satisfy hp,0 = 0 for 1 ≤ p ≤ n, hence they are projective and moreover
rationally connected. This settled one of Yau’s problems [Yau82, Problem 47].
Ni-Zheng [NZ20] generalized Yang’s result by similarly showing that hp,0 = 0 for k ≤ p ≤ n
for compact Ka¨hler manifolds with k-positive scalar curvature. For k = 1 this condition
reduces to positive holomorphic sectional curvature, whereas for k = n it is positive scalar
curvature. In particular, Ni-Zheng show that compact Ka¨hler manifolds with 2-positive
scalar curvature cannot admit non-vanishing holomorphic 2-forms and hence are projective.
In previous work, Ni-Zheng [NZ18] similarly proved that Ka¨hler manifolds with positive
orthogonal Ricci curvature satisfy h2,0 = 0, hence are projective.
The Bochner technique has also been used to control the second de Rham cohomology of
compact Ka¨hler manifolds, e.g. Bishop-Goldberg [BG65] proved that b2(M) = 1 provided M
has positive bisectional curvature. In fact, in this case M is biholomorphic to CPn according
to the solution of the Frankel conjecture due to Mori [Mor79] and Siu-Yau [SY80]. In [CST09]
Chen-Sun-Tian gave an independent proof using the Ka¨hler-Ricci flow. Moreover, it follows
from the work of Chen [Che07] and Gu-Zhang [GZ10] that the Ka¨hler-Ricci flow evolves
metrics with positive orthogonal bisectional curvature into metrics with positive bisectional
curvature. In [Wil13] Wilking provided a different proof of this result. As an intermediate
step, he used the Bochner technique to show that Ka¨hler manifolds with positive orthogonal
bisectional curvature satisfy b2(M) = 1.
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In this paper we offer a different application of the Bochner technique to Ka¨hler manifolds.
Our methods imply vanishing results for all Hodge numbers hp,q for 1 ≤ p, q ≤ n.
Recall that the curvature operator of the underlying Riemannian manifold (M, g) vanishes
on the orthogonal complement of the holonomy algebra u(n) ⊂ so(2n). It is therefore
natural to study the induced Ka¨hler curvature operator R : u(n)→ u(n) with corresponding
eigenvalues λ1 ≤ . . . ≤ λn2 .
Our first main theorem is
Theorem A. Let (M, g) be a compact connected Ka¨hler manifold of complex dimension n.
If
λ1 + λ2 +
(
1− 2
n
)
λ3 > 0,
then (M, g) has the rational cohomology ring of CPn.
Notice that Ka¨hler manifolds with 2-positive Ka¨hler curvature operator have positive
orthogonal bisectional curvature, and thus are biholomorphic to CPn. In particular, Theorem
A is known in dimension n = 2.
Already in dimension n = 2 similar positivity conditions on the lowest three eigenvalues
do not imply that the manifold has positive orthogonal bisectional curvature. In example
4.1, we exhibit for every ε > 0 an algebraic Ka¨hler curvature operator R : u(2) → u(2)
which does not have positive orthogonal bisectional curvature while its eigenvalues satisfy
λ1 + λ2 < 0 and λ1 + λ2 + ελ3 > 0. Moreover, R can be chosen to be Einstein.
Theorem A follows from a more refined vanishing result for the individual Hodge numbers
hp,q. Due to Serre duality, we may assume that p+ q ≤ n and define
Cp,q = n + 1− p
2 + q2
p+ q
.
Notice that Cp,p = n + 1 − p and if p ≥ q then Cp,q ≥ Cp+1,q−1. We will use the above
convention throughout the paper.
Theorem B. Let (M, g) be a compact connected Ka¨hler manifold of complex dimension n.
If
λ1 + . . .+ λn+1−p > 0,
then hp,p = 1.
Suppose that p 6= q. If
λ1 + . . .+ λ⌊Cp,q⌋ + (Cp,q − ⌊Cp,q⌋) · λ⌊Cp,q⌋+1 > 0,
then hp,q = 0.
In particular, if λ1 + . . .+ λ⌊Cp,q⌋ > 0, then hp,q = 0.
In case p = 0 or q = 0 Theorem B follows from Bochner’s [Boc46] work since Ka¨hler man-
ifolds with n-positive Ka¨hler curvature operators have positive Ricci curvature. Similarly,
Theorem A follows from Theorem B and Bochner’s observation that Ka¨hler manifolds with
positive Ricci curvature satisfy hn−1,0 = hn,0 = 0.
If the Ka¨hler curvature operator is merely 3-positive, then the only forms not controlled
by Theorem B or Bochner’s work are primitive (n− 1, 1)-forms.
3Many of the previously mentioned results have rigidity analogues. Howard-Smyth-Wu
[HSW81] and Wu [Wu81] studied compact Ka¨hler manifolds with nonnegative bisectional
curvature, and Mok [Mok88] finally gave a complete classification. Gu [Gu09] gave a new
proof using Ricci flow methods and Gu-Zhang [GZ10] extended the result to nonnegative
orthogonal bisectional curvature.
Due to Bochner’s work [Boc46], on a Ka¨hler manifold with k-nonnegative Ricci curvature
every harmonic (p, 0)-form is parallel for k ≤ p ≤ n. Similarly, we have
Theorem C. Let (M, g) be a compact Ka¨hler manifold of complex dimension n.
If
λ1 + . . .+ λ⌊Cp,q⌋ + (Cp,q − ⌊Cp,q⌋) · λ⌊Cp,q⌋+1 ≥ 0,
then every harmonic (p, q)-form is parallel.
In particular, if λ1 + . . . + λ⌊Cp,q⌋ ≥ 0, then every harmonic (p, q)-form is parallel and
specifically if λ1 + . . .+ λn+1−p ≥ 0, then every (p, p)-form is parallel.
Combined with the observation that harmonic (n, 0)-forms and (n−1, 0)-forms are parallel
if the Ricci curvature is positive, Theorem C implies the following global result.
Corollary. Let (M, g) be an n-dimensional Ka¨hler manifold. If
λ1 + λ2 +
(
1− 2
n
)
λ3 ≥ 0,
then every harmonic form is parallel.
Recall that the Riemannian curvature operator of a Ka¨hler manifold has a kernel of dimen-
sion at least n(n−1). Therefore the results in [PW20] reduce to Gallot and D. Meyer’s [GM75]
rigidity theorem for manifolds with nonnegative curvature operator, when the Riemannian
manifold is Ka¨hler.
Due to the work of P. Li [Li80] and Gallot [Gal81], the Bochner technique also implies
estimation results provided a lower bound on the Ricci curvature and an upper bound on
the diameter are assumed. In the situation of Theorem D this follows from the fact that the
Ricci curvature is bounded from below by the sum of the lowest n eigenvalues of the Ka¨hler
curvature operator.
Theorem D. Let κ ≤ 0 and D > 0 and suppose that (M, g) is a compact connected n-
dimensional Ka¨hler manifold with diameter at most D.
If
λ1 + . . .+ λ⌊Cp,q⌋ + (Cp,q − ⌊Cp,q⌋) · λ⌊Cp,q⌋+1 ≥ κ(⌊Cp,q⌋+ 1),
then
hp,q(M) ≤
(
n
p
)(
n
q
)
exp
(
C(n, κD2) ·
√
−κD2 · (n+ 2− |p− q|) (p+ q)
)
.
In particular, there is ε(n) > 0 such that κD2 ≥ −ε(n) implies hp,q ≤ (n
p
)(
n
q
)
.
If
λ1 + λ2 +
(
1− 2
n
)
λ3 ≥ κ,
4 PETER PETERSEN AND MATTHIAS WINK
then the total Betti number is bounded by
n∑
p+q=0
hp,q ≤ 22n exp
(
C(n, κD2) ·
√
−κD2
)
.
As in Theorems B and C, the conclusion of Theorem D also holds if λ1 + . . . + λ⌊Cp,q⌋ ≥
κ⌊Cp,q⌋ and thus specifically for hp,p if λ1 + . . .+ λn+1−p ≥ κ(n+ 1− p).
For a Riemannian manifold, a famous theorem of Tachibana [Tac74] asserts that any
Einstein manifold with nonnegative curvature operator is locally symmetric. Moreover, if the
curvature operator is positive, then the manifold has constant sectional curvature. Brendle
[Bre10] generalized this to Einstein metrics with nonnegative, respectively positive, isotropic
curvature. In real dimension four this was observed earlier by Micallef and Wang [MW93].
Notice that only the rigidity part of these theorems actually applies to Ka¨hler manifolds.
Tachibana-type results specifically for Ka¨hler manifolds follow from the classification results
for Ka¨hler manifolds of nonnegative, respectively positive, bisectional and orthogonal bi-
sectional curvature due to Mori [Mor79], Siu-Yau [SY80], Mok [Mok88] and Chen [Che07],
Gu-Zhang [GZ10].
We have the following analogue of Tachibana’s theorem for Ka¨hler manifolds.
Theorem E. Suppose that (M, g) is a compact connected Ka¨hler-Einstein manifold of com-
plex dimension n ≥ 4.
If
λ1 + . . .+ λ⌊n+1
2
⌋ +
1 + (−1)n
4
· λ⌊n+1
2
⌋+1 ≥ 0,
then the curvature tensor is parallel.
If the inequality is strict, then (M, g) has constant holomorphic sectional curvature.
The Assumptions in Theorem E are satisfied in particular when λ1 + . . . + λ⌊n+1
2
⌋ ≥ 0 or
λ1 + . . .+ λ⌊n+1
2
⌋ > 0, respectively.
In [PW20] we show that any Einstein manifold of real dimensionm with ⌊m−1
2
⌋-nonnegative
Riemannian curvature operator is locally symmetric. However, any Ka¨hler manifold satisfy-
ing this condition in fact has nonnegative curvature operator and thus the result reduces to
Tachibana’s [Tac74] original theorem on manifolds with nonnegative curvature operator.
The proofs of the main theorems rely on the Bochner technique. If (M, g) is a Riemannian
manifold, the associated Lichnerowicz Laplacian on tensors is
∆LT = ∇∗∇T + cRic(T )
where c > 0 is a constant. For 1-forms ϕ, Ric(ϕ) is determined by the Ricci curvature but
otherwise Ric(T ) depends on the entire Riemannian curvature tensor.
Our new approach explains how the action of the holonomy algebra g on tensors simplifies
the curvature term of the Lichnerowicz Laplacian. Specifically we show that every complex
valued (0, r)-tensor T satisfies
g(Ric(T ), T ) =
∑
Ξα∈g
λα|ΞαT |2
5where {Ξα} is an orthonormal basis for the restricted curvature operator R|g : g → g and
{λα} are the corresponding eigenvalues. This generalizes Poor’s [Poo80] idea of using the
derivative of the regular representation to study the curvature term on p-forms.
The key insight in gaining control on the curvature term is that if E is a holonomy
irreducible tensor bundle, then there are constants c(E) ≤ C(E) such that |ΞαT |2 ≤ c(E) ·
|T |2 while ∑Ξα∈g |ΞαT |2 = C(E) · |T |2. Lemma 1.8 then provides a method to estimate
g(Ric(T ), T ) based on a lower bound on a weighted sum of the eigenvalues of the curvature
operator R|g : g→ g.
The proofs of Theorems A - D are an application of this principle to (p, q)-forms on Ka¨hler
manifolds. In particular, they use the decomposition of the space of (p, q)-forms into U(n)-
irreducible modules. Theorem E is a similar application of our technique to the space of
Ka¨hler curvature operators.
Section 1 introduces Lichnerowicz Laplacians and the relevant background material. Sec-
tion 2 discusses the decomposition of (p, q)-forms into U(n)-irreducible modules, originally
due to Chern [Che57]. In section 3 we study the Lichnerowicz Laplacian on (p, q)-forms. In
particular, lemma 3.4 and proposition 3.6 establish the required estimates to apply lemma
1.8 to the U(n)-irreducible modules of the space of (p, q)-forms. The proofs of Theorems A
- D are given in section 4 and Theorem E is proven in section 5.
Acknowledgements. We would like to thank Greg Kallo for many conversations.
1. Preliminaries
1.1. Tensors. Let (V, g) be an m-dimensional Euclidean vector space and let Sym2(V ) ⊂⊗2
V ∗ denote the space of symmetric (0, 2)-tensors on V.
The metric g induces a metric on
⊗r
V ∗ and
∧r
V . In particular, if {ei}i=1,...,m is an
orthonormal basis for V , then {ei1 ∧ . . . ∧ eir}1≤i1<...<ir≤m is an orthonormal basis for
∧r
V.
This also induces an inner product on so(V ) via its identification with
∧2
V.
Let VC = V ⊗R C. For a complex valued, R-multilinear tensor T on V , i.e. T ∈
⊗r
V ∗
C
,
and L ∈ so(V ) set
(LT )(X1, . . . , Xr) = −
r∑
i=1
T (X1, . . . , LXi, . . . , Xr).
If g ⊂ so(V ) is a Lie subalgebra, define T g ∈ (⊗r V ∗
C
)⊗R g by
g(L, T g(X1, . . . , Xr)) = (LT )(X1, . . . , Xr)
for all L ∈ g ⊂ so(V ) = ∧2 V . Furthermore, if R : g → g is a self-adjoint operator with
orthonormal eigenbasis {Ξα} and corresponding eigenvalues {λα}, then
R(T g) = R ◦ T g =
∑
α
R(Ξα)⊗ ΞαT
and
g(R(T g), T g) =
∑
α
λα|ΞαT |2.
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In particular, notice that
|T g|2 =
∑
α
|ΞαT |2.
In case g = u(n), we will write T u to simplify notation.
Remark 1.1. Let (M, g) be a Riemannian manifold and let R :
∧2
TM → ∧2 TM denote
the curvature operator. If g ⊂ so(2n) denotes the holonomy algebra, then R|g : g → g and
R|g⊥ = 0.
Example 1.2. Let g ⊂ so(V ) = ∧2 V be a Lie subalgebra. For a self-adjoint operator
R : g → g let R ∈ Sym2(g) ⊂ Sym2 (∧2 V ) denote the corresponding bilinear form. R is
an algebraic curvature tensor if it satisfies the first Bianchi identity. In this case we write
R ∈ Sym2B (g) .
The proof of [PW20, Proposition 1.5] shows that if {Ξα} is an orthonormal eigenbasis for
R and L ∈ g, then
|LR|2 = 2
∑
α<β
(λα − λβ)2 g(LΞα,Ξβ)2.
It follows that
|Rg|2 = 2
∑
γ
∑
α<β
(λα − λβ)2 g((Ξγ)Ξα,Ξβ)2.
Notice that so(V ) induces a Lie bracket [·, ·] on ∧2 V. For 2-forms Ξα,Ξβ we have
(Ξα)Ξβ = [Ξα,Ξβ].
In particular, the coefficients g((Ξγ)Ξα,Ξβ) are the structure constants and g((Ξγ)Ξα,Ξβ)
2
is fully symmetric in Ξα, Ξβ, Ξγ.
1.2. The Lie algebra u(V ). Suppose (V, g) is a 2n-dimensional Euclidean vector space with
compatible almost complex structure J : V → V. It follows that
u(V ) = {L ∈ gl(V ) | L ◦ J = J ◦ L, g(L·, ·) + g(·, L·) = 0} .
Let e1, . . . , en, f1 = Je1, . . . , fn = Jen be an orthonormal basis for V. Under the identifi-
cation of
∧2
V with so(V ), an orthonormal basis for u(V ) is given by
Rij =
1√
2
(ei ∧ ej + fi ∧ fj) for 1 ≤ i < j ≤ n,
Iij =
1√
2
(ei ∧ fj + ej ∧ fi) for 1 ≤ i < j ≤ n,
Iii = ei ∧ fi for 1 ≤ i ≤ n.
Note that Rij = −Rji and Iij = Iji.
Moreover, an orthonormal basis for u(V )⊥ ⊂ so(V ) is given by
(Rij)
⊥ =
1√
2
(ei ∧ ej − fi ∧ fj) for 1 ≤ i < j ≤ n,
(Iij)
⊥ =
1√
2
(ei ∧ fj − ej ∧ fi) for 1 ≤ i < j ≤ n.
7The space of complex valued, R-linear 1-forms on V decomposes into C-linear and conju-
gate linear forms, ∧1
V ∗
C
=
∧1,0
V ∗ ⊕
∧0,1
V ∗.
Thus if dx1, . . . , dxn, dy1, . . . , dyn denotes the dual basis, then
dzi = dxi +
√−1dyi ∈
∧1,0
V ∗,
dz¯i = dxi −√−1dyi ∈
∧0,1
V ∗.
Furthermore, the Ka¨hler form ω(·, ·) = g(J ·, ·) is given by
ω =
√−1
2
n∑
i=1
dzi ∧ dz¯i.
Proposition 1.3. Let i 6= j. The following hold:
(Rij)dz
i = − 1√
2
dzj , (Rij)dz¯
i = − 1√
2
dz¯j ,
(Iij)dz
i =
√−1√
2
dzj , (Iij)dz¯
i = −
√−1√
2
dz¯j ,
(Iii)dz
i =
√−1dzi, (Iii)dz¯i = −
√−1dz¯i.
Proof. This is a straightforward calculation. Notice that e.g. (ei ∧ fj)dxi = −dyj. 
Remark 1.4. The Ka¨hler form is in the kernel of the Lie algebra action of u(n). That is, for
i 6= j we have Rijω = Iijω = Iiiω = 0. Furthermore, in corollary 3.3 we show that ϕ ∈
∧k
V ∗
C
satisfies |ϕu|2 = 0 if and only if ϕ = 0 or k is even and ϕ is a multiple of ωk/2.
1.3. Lichnerowicz Laplacians and holonomy. Let (M, g) be a Riemannian manifold.
For c > 0 the Lichnerowicz Laplacian on (0, r)-tensors is given by
∆LT = ∇∗∇T + cRic(T )
where
Ric(T )(X1, . . . , Xr) =
r∑
i=1
m∑
j=1
(R(Xi, ej)T )(X1, . . . , ej , . . . , Xr)
for an orthonormal frame e1, . . . , em of the tangent bundle TM.
Let (M, g) be connected with holonomy group Hol(g). The holonomy representation in-
duces a representation on the tensor bundle
⊗k
T ∗
C
M. Suppose that E is an invariant sub-
bundle. If T ∈ Γ(E), then ∇∗∇T ∈ Γ(E). Furthermore, since the Riemannian curvature
tensor takes values in the holonomy algebra, it also follows that Ric(T ) ∈ Γ(E). Thus the
Lichnerowicz Laplacian preserves subbundles E which are invariant under the holonomy
representation, ∆L : Γ(E) → Γ(E). Moreover, E decomposes into a direct sum of Hol(g)-
irreducible subbundles.
A tensor T is harmonic if ∆LT = 0 and in this case we have the Bochner formula
∆
1
2
|T |2 = |∇T |2 + g(Ric(T ), T ).
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The Bochner technique is based on the fact that if g(Ric(T ), T ) ≥ 0 and |T | has a maximum,
then T is parallel.
Example 1.5. The Hodge Laplacian is a Lichnerowicz Laplacian for c = 1. It follows that
the decomposition of
∧k
T ∗
C
M into Hol(g)-irreducible modules induces a decomposition of
harmonic forms and the de Rham cohomology groups.
The following proposition is an immediate consequence of [Pet16, Lemmas 9.3.3 and 9.4.3].
Proposition 1.6. Let R :
∧2
TM → ∧2 TM denote the curvature operator of (M, g). If
g ⊂ so(m) denotes the holonomy algebra, then R|g : g→ g, R|g⊥ = 0 and
g(Ric(T ), T ) = g(R|g(T g), T g)
for every T ∈⊗r T ∗
C
M .
Remark 1.7. Recall that an irreducible Riemannian manifold (M, g) is Einstein unless its
holonomy group is SO(n) or U(n). The reader is referred to [PW20] for the case Hol(g) =
SO(n). In this paper we will restrict ourselves to Hol(g) = U(n). Recall that Hol(g) ⊂ SU(n)
if and only if there exists a parallel holomorphic volume form and in this case (M, g) is Ricci
flat.
Suppose that Hol(g) is contained in U(n) ⊂ SO(2n), i.e. (M, g) is a Ka¨hler manifold
of complex dimension n. The induced curvature operator R = R|u(n) : u(n) → u(n) is the
Ka¨hler curvature operator.
The following lemma is the fundamental tool for controlling the curvature term of the
Lichnerowicz Laplacian.
Lemma 1.8. Let (V, g) be a Euclidean vector space, g ⊂ so(V ) a Lie subalgebra and let
R : g → g be self-adjoint with eigenvalues λ1 ≤ . . . ≤ λdim g. Let T ∈
⊗r
V ∗
C
and suppose
that there is C ≥ 1 such that
|LT |2 ≤ 1
C
|T g|2|L|2
for all L ∈ g. Let 1 ≤ l ≤ ⌊C⌋ be an integer and let κ ≤ 0.
If λ1 + . . .+ λl + (C − l) λl+1 ≥ κ(l + 1), then g(R(T g), T g) ≥ κ(l+1)C |T g|2.
If λ1 + . . .+ λl + (C − l) λl+1 > 0, then g(R(T g), T g) > 0 unless T g = 0.
Proof. Suppose that {Ξα} is an orthonormal eigenbasis for R. It follows as in [PW20, Proof
of Lemma 2.1] that
g(R(T g), T g) ≥ λl+1
(
1− l
C
)
|T g|2 + |T
g|2
C
l∑
α
λα =
|T g|2
C
(
l∑
α
λα + (C − l)λl+1
)
,
which implies the claim. 
Clearly, choosing l = ⌊C⌋ provides the weakest (curvature) assumption. Note that this
condition is in particular satisfied if λ1 + . . .+ λ⌊C⌋ ≥ κ⌊C⌋ or λ1 + . . .+ λ⌊C⌋ > 0.
If C is an integer, then the same proof yields that if λ1+. . .+λC ≥ κC, then g(R(T g), T g) ≥
κ|T g|2.
92. U(n)-irreducible decomposition of (p, q)-forms
In this section we provide a description of the decomposition of (p, q)-forms into irre-
ducible U(n)-modules. This is orginially due to Chern [Che57], see also Fujiki [Fuj87]. For
completeness, we provide an elementary proof using characters.
Let V = Cn and consider the natural U(n)-action on V. Denote by∧p,0
V ∗ =
∧p
V ∗ = spanC{dzi1 ∧ . . . ∧ dzip | 1 ≤ i1 < . . . < ip ≤ n}
the space of complex linear p-forms, by∧0,q
V ∗ =
∧q
V ∗ = spanC{dz¯j1 ∧ . . . ∧ dz¯jq | 1 ≤ j1 < . . . < jq ≤ n}
the space of conjugate linear q-forms, and by∧p,q
V ∗ =
∧p,0
V ∗ ⊗C
∧0,q
V ∗
the space of (p, q)-forms.
For 0 ≤ k ≤ min{p, q} set
V
p,q
k =
∧p−k,0
V ∗ ⊗C spanC{ωk} ⊗C
∧0,q−k
V ∗.
Hence for k ≤ q ≤ p we have the flag
V p,qq ⊆ . . . ⊆ V p,qk ⊆ . . . ⊆ V p,q1 ⊆ V p,q0 =
∧p,q
V ∗.
Theorem 2.1. The representations of U(n) on∧p,q
k
V ∗ = V p,qk ∩
(
V
p,q
k+1
)⊥
are irreducible and ∧p,q
V ∗ =
min{p,q}⊕
k=0
∧p,q
k
V ∗
is an orthogonal decomposition.
Remark 2.2. Let L : ϕ 7→ ω ∧ ϕ be the Lefschetz map and let Λ denote its dual. A (p, q)-
form ϕ is primitive if Λϕ = 0. It follows that
∧p,q
0 V
∗ is the space of primitive (p, q)-forms
and
∧p,q
k V
∗ = Lk∧p−k,q−k0 V ∗.
The above decomposition of
∧p,q
V ∗ into U(n)-irreducible modules is due to Chern [Che57].
However, we have not been able to access or obtain a copy of Chern’s original proof.
For completness, in rest of this section we show that the character of
∧p,q
k is the character
of an irreducible U(n)-representation. Our proof is elementary and only uses Laplace’s
expansion of a determinant along two rows and Weyl’s [Wey39, Chapter VII, Sections 4-5]
classification of irreducible U(n)- representations. In particular, our method is different from
Fujiki’s approach in [Fuj87].
Recall that the maximal torus T n ⊂ U(n) is
T n = {diag(ε1, . . . , εn) | |εi| = 1}
and for U ∈ T n we have
Udzi = εidz
i, Udz¯j = ε¯jdz¯
j .
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More generally, let
dzIp = dzi1 ∧ . . . ∧ dzip , dz¯Jq = dz¯j1 ∧ . . . ∧ dz¯jq
where 1 ≤ i1 < . . . < ip ≤ n and 1 ≤ j1 < . . . < jq ≤ n. Similarly, define
εIp = εi1 · . . . · εip, ε¯Jq = ε¯j1 · . . . · ε¯jq .
It follows that dzIp ∧ dz¯Jq is an eigenvector of the induced action of the maximal torus with
eigenvalue εIp ε¯Jq . This immediately implies that the character of
∧p,q
V ∗ is
χp,q =
∑
Ip,Jq
εIp ε¯Jq .
Remark 2.3. (a) We have the explicit formula
χp,q =
min{p,q}∑
k=0
(
n− (p+ q − 2k)
k
) ∑
Ip−k∩Jq−k=∅
εIp−k ε¯Jq−k .
(b) Note that V p,qk and
∧p−k,q−k
V ∗ are isomorphic U(n)-representations since they both have
character χp−k,q−k.
Following Weyl’s notation in [Wey39, Chapter VII, Sections 4-5], for ε = (ε1, . . . , εn) define
the alternant
|εl1, εl2, . . . , εln| =
∣∣∣∣∣∣∣∣∣
εl11 ε
l1−1
1 . . . ε
l1−n
1
εl22 ε
l2−1
2 . . . ε
l2−n
2
...
...
...
εlnn ε
ln−1
n . . . ε
ln−n
n
∣∣∣∣∣∣∣∣∣ .
Notice that in particular
∆ = |εn−1, εn−2, . . . , ε, 1| =
∏
i<j
(εi − εj)
is a Vandermonde determinant. Theorem 2.4 below is Weyl’s classification of irreducible
U(n)-representations in [Wey39, Chapter VII, Theorems 7.5.B and 7.5.C].
Theorem 2.4. Let f1 ≥ f2 ≥ . . . ≥ fn be integers. Every representation of the unitary
group U(n) with character
χf1,...,fn =
1
∆
· |εf1+n−1, εf2+n−2, . . . , εfn|
is irreducible.
Conversely, every irreducible representation of U(n) has the character χf1,...,fn for some
integers f1 ≥ f2 ≥ . . . ≥ fn.
Theorem 2.1 is now an immediate consequence of the following observation.
Lemma 2.5. The character of
∧p,q
k V
∗ is given by
χ
p,q
k = χ
p−k,q−k − χp−k−1,q−k−1 = χf1+n−1,f2+n−2,...,fn
for f1 = . . . = fp−k = 1, fp−k+1 = . . . = fn−(q−k) = 0 and fn−(q−k)+1 = . . . = fn = −1.
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Proof. The definition of
∧p,q
k V
∗ implies that χp,qk = χ
p−k,q−k− χp−k−1,q−k−1 and thus we can
assume k = 0. Hence it suffices to show that
χp,q − χp−1,q−1 = 1
∆
· |εn, εn−1, . . . , ε̂n−p, . . . , ε̂q−1, . . . , 1, ε−1|.
To this end, let σk =
∑
Ik
εIk denote the k-th elementary symmetric polynomial in
ε1, . . . , εn, with the convention that σk = 0 if k < 0, and set
τa,b = σn−a+1σn−b − σn−aσn−b+1.
Notice that τa,b = −τb,a. Computing the Vandermonde determinant
P (s, t, ε1, . . . , εn) =
∣∣∣∣∣∣∣∣∣∣
sn+1 sn . . . 1
tn+1 tn . . . 1
εn+11 ε
n
1 . . . 1
...
...
...
εn+1n ε
n
n . . . 1
∣∣∣∣∣∣∣∣∣∣
as a difference product we obtain
P (s, t, ε1, . . . , εn) = ∆ · (s− t) ·
n∏
i=1
(s− εi) ·
n∏
i=1
(t− εi)
= ∆ · (s− t) ·
(
n∑
k=0
(−1)kσksn−k
)
·
(
n∑
k=0
(−1)kσktn−k
)
= ∆ · (s− t) ·
n∑
a,b=0
(−1)a+bsatbσn−aσn−b
= ∆ ·
n+1∑
a=1
n∑
b=0
(−1)a+b+1satbσn−a+1σn−b
−∆ ·
n∑
a=0
n+1∑
b=1
(−1)a+b+1satbσn−aσn−b+1
= ∆ ·
n+1∑
a,b=0
(−1)a+b+1satbτa,b = ∆ ·
∑
a<b
(−1)a+b+1(sbta − satb)τb,a.
On the other hand, Laplace expansion along the first two rows, cf. [Mui60, Theorem 93],
yields
P (s, t, ε1, . . . , εn) =
∑
a<b
(−1)a+b+1
∣∣∣∣sb satb ta
∣∣∣∣ |εn+1, . . . , ε̂b, . . . , ε̂a, . . . , ε, 1|.
It follows that
τb,a =
1
∆
|εn+1, . . . , ε̂b, . . . , ε̂a, . . . , ε, 1| = εIn
∆
· |εn, . . . , ε̂b−1, . . . , ε̂a−1, . . . , 1, ε−1|.
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The claim now follows from the computation
χp,q − χp−1,q−1 =
∑
Ip,Jq
εIp ε¯Jq −
∑
Ip−1,
Jq−1
εIp−1ε¯Jq−1 =
∑
Ip,Jn−q
εIp
εJn−q
εIn
−
∑
Ip−1,
Jn−q+1
εIp−1
εJn−q+1
εIn
=
1
εIn
(σpσn−q − σp−1σn−q+1) = τn−p+1,q
εIn
=
1
∆
|εn, . . . , ε̂n−p, . . . , ε̂q−1, . . . , 1, ε−1|.

3. Estimating the curvature term of the Lichnerowicz Laplacian
We continue to study (p, q)-forms on a Euclidean vector space (V, g) with a compatible
almost complex structure. Let n = dimC V.
Based on lemma 1.8, we can control the curvature term of the Lichnerowicz Laplacian by
estimating |Lϕ|2 for L ∈ u(V ) and by calculating |ϕu|2. This relies on the U(n)-irreducible
decomposition of
∧p,q
V ∗.
Definition 3.1. For ϕ ∈ ∧p,q V ∗ set
ϕ˚ =
{
ϕ− g(ϕ,ωp)|ωp| ωp if p = q,
ϕ if p 6= q.
Notice that Lϕ = Lϕ˚ for all L ∈ u(V ).
Proposition 3.2. Let k ≤ min{p, q} and ϕ ∈ ∧p,qk V ∗. It follows that
|ϕu|2 = (2(p− k)(q − k) + (p+ q − 2k)(n+ 1− (p+ q − 2k))) |ϕ˚|2.
Proof. For notational simplicity replace (p, q) by (p+ k, q + k). Recall from section 1.1 that
|ϕu|2 =
∑
Ξα∈u(V )
|Ξαϕ|2.
For the computation, we will use the explicit orthonormal basis {Rij , Iij, Iii} for u(V ) given
in section 1.2. Notice that due to Schur’s lemma, it suffices to consider
ϕ = dz1 ∧ . . . ∧ dzp ∧ ωk ∧ dz¯p+1 ∧ . . . ∧ dz¯p+q ∈
∧p+k,q+k
k
V ∗.
In case p = q = 0, we have ϕ = ωk and thus ϕu = 0 due to remark 1.4. Therefore, we may
assume p > 0 or q > 0. It follows that ϕ˚ = ϕ.
It is immediate from proposition 1.3 and remark 1.4 that
|Iiiϕ|2 =
{
|ϕ|2 for 1 ≤ i ≤ p+ q,
0 otherwise.
Similarly,
|Rijϕ|2 = |I ijϕ|2 =

|ϕ|2 for i ∈ {1, . . . , p}, j ∈ {p+ 1, . . . , p+ q},
|ϕ|2
2
for i ∈ {1, . . . , p}, j ∈ {p+ q + 1, . . . , n},
|ϕ|2
2
for i ∈ {p+ 1, . . . , p+ q}, j ∈ {p+ q + 1, . . . , n},
0 otherwise
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is straightforward unless i ∈ {1, . . . , p} and j ∈ {p + 1, . . . , p + q}. To check this remaining
case, it suffices to compute |Rp,p+1ϕ|2.
Observe that the Ka¨hler form ω satisfies
ωk =
(√−1)k k!
2k
∑
1≤i1<...<ik≤n
dzi1 ∧ dz¯i1 ∧ . . . ∧ dzik ∧ dz¯ik
and thus
ϕ =
(√−1)k k!
2k
· dz1∧ . . . ∧ dzp ∧ dz¯p+1 ∧ . . . ∧ dz¯p+q∧
∧
∑
p+q+1≤i1<...<ik≤n
dzi1 ∧ dz¯i1 ∧ . . . ∧ dzik ∧ dz¯ik .
Using proposition 1.3 and remark 1.4 again we find that(−√−1)k 2k
k!
·
√
2Rp,p+1ϕ =
= − dz1 ∧ . . . ∧ dzp−1 ∧ dzp+1 ∧ dz¯p+1 ∧ . . . ∧ dz¯p+q ∧ (−√−1)k 2k
k!
· ωk
+ dz1 ∧ . . . ∧ dzp ∧ dz¯p ∧ dz¯p+2 ∧ . . . ∧ dz¯p+q ∧ (−√−1)k 2k
k!
· ωk
= − dz1 ∧ . . . ∧ dzp−1 ∧ dzp+1 ∧ dz¯p+1 ∧ . . . ∧ dz¯p+q∧
∧ dzp ∧ dz¯p ∧
∑
p+q+1≤i2<...<ik≤n
dzi2 ∧ dz¯i2 ∧ . . . ∧ dzik ∧ dz¯ik
+ dz1 ∧ . . . ∧ dzp ∧ dz¯p ∧ dz¯p+2 ∧ . . . ∧ dz¯p+q
∧ dzp+1 ∧ dz¯p+1 ∧
∑
p+q+1≤i2<...<ik≤n
dzi2 ∧ dz¯i2 ∧ . . . ∧ dzik ∧ dz¯ik
+ dz1 ∧ . . . ∧ dzp−1 ∧ (dzp ∧ dz¯p − dzp+1 ∧ dz¯p+1) ∧ dz¯p+2 ∧ . . . ∧ dz¯p+q∧
∧
∑
p+q+1≤i1<...<ik≤n
dzi1 ∧ dz¯i1 ∧ . . . ∧ dzik ∧ dz¯ik
= dz1 ∧ . . . ∧ dzp−1 ∧ (dzp ∧ dz¯p − dzp+1 ∧ dz¯p+1) ∧ dz¯p+2 ∧ . . . ∧ dz¯p+q∧
∧
∑
p+q+1≤i1<...<ik≤n
dzi1 ∧ dz¯i1 ∧ . . . ∧ dzik ∧ dz¯ik .
Thus
√
2Rp,p+1ϕ is the difference of two orthogonal forms, both of which have the same norm
as ϕ. Hence, |Rp,p+1ϕ|2 = |ϕ|2 as claimed.
Overall we obtain
|ϕu|2 = ((p+ q) + 2pq + p(n− (p+ q)) + q(n− (p+ q))) |ϕ|2
= (2pq + (p+ q)(n+ 1− (p+ q))) |ϕ˚|2.

Corollary 3.3. A (p, q)-form ϕ satisfies |ϕu|2 = 0 if and only if ϕ˚ = 0, i.e. ϕ = 0 or p = q
and ϕ is a multiple of ωp.
Proof. This is immediate from the orthogonal decomposition of
∧p,q
V ∗ into U(n)-irreducible
components in theorem 2.1 and the characterization of |ϕu|2 in proposition 3.2. 
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Proposition 3.4. Suppose that ϕ ∈ V p,qk . It follows that
|Lϕ|2 ≤ (p+ q − 2k)|L|2|ϕ˚|2
for all L ∈ u(V ).
Proof. For L ∈ u(V ) there is an orthonormal basis and µ1, . . . , µn ∈ R such that
L =
n∑
i=1
µiIii.
Consider
ΦIp−k,Jq−k = dzIp−k ∧ ωk ∧ dz¯Jq−k ∈ V p,qk .
According to proposition 1.3 and remark 1.4 we have
(L)ΦIp−k,Jq−k =
√−1
 ∑
i∈Ip−k
µi −
∑
j∈Jq−k
µj
 ΦIp−k,Jq−k
=
√−1
 ∑
i∈Ip−k\Jq−k
µi −
∑
j∈Jq−k\Ip−k
µj
 ΦIp−k,Jq−k .
This directly implies
|(L)ΦIp−k,Jq−k|2 ≤ (p+ q − 2k)|L|2|Φ˚Ip−k,Jq−k|2.
For an arbitrary ϕ ∈ V p,qk , note that there are λIp−k,Jq−k ∈ C such that
ϕ =
∑
Ip−k,Jq−k
λIp−k,Jq−kΦ
Ip−k,Jq−k .
The claim now follows from the above computation and the observation that ΦIp−k,Jq−k
and ΦI˜p−k,J˜q−k are orthogonal unless Ip−k = I˜p−k and Jq−k = J˜q−k. 
For k ≤ min{p, q} notice that p+q−2k = 0 if and only if p = q = k. In case p+q−2k 6= 0
set
C
p,q
k =
2(p− k)(q − k) + (p+ q − 2k)(n+ 1− (p+ q − 2k))
(p+ q − 2k)
= n+ 1− (p+ q) + 2 pq − k
2
p+ q − 2k .
Note that Cp,pk = n+ 1− p+ k.
We can now estimate the curvature term of the Lichnerowicz Laplacian on
∧p,q
k V
∗.
Remark 3.5. On
∧p,p
p V
∗ = spanC{ωp} we have g(R(ϕu), ϕu) = 0 due to remark 1.4.
Proposition 3.6. Let k ≤ min{p, q} with p+q−2k ≥ 0. Let κ ≤ 0 and let R : u(V )→ u(V )
be a Ka¨hler curvature operator with eigenvalues λ1 ≤ . . . ≤ λn2. Let ϕ ∈
∧p,q
k V
∗.
If
λ1 + . . .+ λ⌊Cp,q
k
⌋ + (C
p,q
k − ⌊Cp,qk ⌋) · λ⌊Cp,qk ⌋+1 ≥ κ (⌊C
p,q
k ⌋+ 1) ,
then
g(R(ϕu), ϕu) ≥ κ (⌊Cp,qk ⌋+ 1) (p+ q − 2k)|ϕ˚|2.
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If
λ1 + . . .+ λ⌊Cp,q
k
⌋ + (C
p,q
k − ⌊Cp,qk ⌋) · λ⌊Cp,qk ⌋+1 > 0,
then g(R(ϕu), ϕu) > 0 unless ϕ = 0.
Proof. Propositions 3.2 and 3.4 imply that
|Lϕ|2 ≤ (p+ q − 2k)|L|2|ϕ˚|2 = 1
C
p,q
k
|L|2|ϕu|2.
Lemma 1.8 yields
g(R(ϕu), ϕu) ≥ κ (⌊C
p,q
k ⌋ + 1)
C
p,q
k
|ϕu|2
and proposition 3.2 shows that g(R(ϕu), ϕu) ≥ κ (⌊Cp,qk ⌋+ 1) (p+ q − 2k)|ϕ˚|2.
Notice that in fact ϕ˚ = ϕ since p + q − 2k ≥ 0. In particular, ϕ cannot be a non-zero
multiple of the Ka¨hler form. Hence last claim follows from lemma 1.8 and corollary 3.3. 
By imposing the strongest curvature assumption in proposition 3.6, we obtain a uniform
estimate for all ϕ ∈ ∧p,qk V ∗ by estimating g(R(ϕu), ϕu) ≥ κC(n, p, q)|ϕ˚|2 with a constant
C(n, p, q) independent of k. More precisely, with the constants Cp,q = Cp,q0 defined in the
introduction, we have
Corollary 3.7. Let κ ≤ 0 and ϕ ∈ ∧p,qk V ∗. If
λ1 + . . .+ λ⌊Cp,q⌋ + (Cp,q − ⌊Cp,q⌋) · λ⌊Cp,q⌋+1 ≥ κ(⌊Cp,q⌋+ 1),
then
g(R(ϕu), ϕu) ≥ κ (n + 2− |p− q|) (p+ q)|ϕ˚|2.
Proof. Due to remark 3.5 the estimate is clearly valid if p = q = k. For 0 ≤ k ≤ min{p, q}
with p+ q − 2k ≥ 0 the function
pq − k2
p+ q − 2k
takes values
pq
p+ q
≤ . . . ≤ min{p, q}
and thus
C
p,q
0 ≤ . . . ≤ Cp,qk ≤ . . . ≤ Cp,qmin{p,q}.
Notice that Cp,q0 = n+ 1− p
2+q2
p+q
= Cp,q and Cp,qmin{p,q} = n+ 1− |p− q|.
Therefore, by assumption, the curvature condition in proposition 3.6 are satisfied for each
module
∧p,q
k V
∗ individually. Thus for every ϕ ∈ ∧p,qk V ∗ we have
g(R(ϕu), ϕu) ≥ κ (⌊Cp,qk ⌋ + 1) (p+ q − 2k)|ϕ˚|2 ≥ κ (n+ 2− |p− q|) (p+ q)|ϕ˚|2.

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Remark 3.8. (a) Note that Cp,q is minimal if (p, q) = (n, 0) or (0, n) and Cn,0 = 1. Fur-
thermore, Cn−1,0 = 2 and Cn−1,10 = 3− 2n but Cn−1,11 = 3. Thus, for a 3-nonnegative Ka¨hler
curvature operator, corollary 3.7 establishes nonnegativity of the curvature term on
∧p,q
k V
∗
unless k = 0 and (p, q) = (n, 0), (n− 1, 0) or (n− 1, 1).
(b) If Cp,q is an integer, e.g. Cp,p = n + 1− p, it is more natural to assume that
λ1 + . . .+ λCp,q ≥ κCp,q.
As in corollary 3.7 it follows that
g(R(ϕu), ϕu) ≥ κCp,qk (p+ q − 2k)|ϕ˚|2 ≥ κ (2pq + (n+ 1− (p+ q))(p+ q)) |ϕ˚|2
for every ϕ ∈ ∧p,qk V ∗.
4. The Lichnerowicz Laplacian on (p, q)-forms
In this section we prove Theorems A - D. Theorem A is a direct consequence of Theorem
B and Bochner’s result [Boc46] that every Ka¨hler manifold with positive Ricci curvature
satisfies hn−1,0 = hn,0 = 0.
Proof of Theorems B - D. Due to the Ka¨hler identities and Hodge’s theorem, we may study
the space of harmonic (p, q)-forms with respect to the Hodge Laplacian. We consider the
Hodge Laplacian as a Lichnerowicz Laplacian as in example 1.5.
Recall that every harmonic (p, q)-form ϕ satisfies
∆
1
2
|ϕ|2 = |∇ϕ|2 + g(Ric(ϕ), ϕ).
According to theorem 2.1, the decomposition of the space of (p, q)-forms into orthogonal,
U(n)-irreducible modules is given by∧p,q
T ∗M =
min{p,q}⊕
k=0
∧p,q
k
T ∗M.
Recall from section 1.3 that the curvature term of the Lichnerowicz Laplacian preserves
the irreducible decomposition,
Ric|∧p,q
k
T ∗M :
∧p,q
k
T ∗M →
∧p,q
k
T ∗M.
For ϕ ∈ ∧p,q T ∗M there are ϕk ∈ ∧p,qk TM such that
ϕ = ϕ0 + . . .+ ϕmin{p,q}.
The above discussion and proposition 1.6 imply that
g(Ric(ϕ), ϕ) =
min{p,q}∑
k=0
g(Ric(ϕk), ϕk) =
min{p,q}∑
k=0
g(R((ϕk)
u), (ϕk)
u).
Let κ ≤ 0. Corollary 3.7 shows that if
λ1 + . . .+ λ⌊Cp,q⌋ + (Cp,q − ⌊Cp,q⌋) · λ⌊Cp,q⌋+1 ≥ κ(⌊Cp,q⌋+ 1),
then
g(Ric(ϕ), ϕ) ≥ κ (n+ 2− |p− q|) (p+ q)
min{p,q}∑
k=0
|ϕ˚k|2 = κ (n+ 2− |p− q|) (p+ q)|ϕ˚|2.
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Theorem D now follows directly from the Bochner technique as developed by P. Li [Li80]
and Gallot [Gal81], cf. [PW20, Theorem 1.9].
If κ = 0, then g(Ric(ϕ), ϕ) ≥ 0 together with the maximum principle immediately imply
Theorem C.
Finally, for Theorem A, suppose that
λ1 + . . .+ λ⌊Cp,q⌋ + (Cp,q − ⌊Cp,q⌋) · λ⌊Cp,q⌋+1 > 0.
By Theorem C, every harmonic (p, q)-form ϕ is parallel. Moreover, remark 3.5 and propo-
sition 3.6 show that
g(Ric(ϕ), ϕ) > 0
unless ϕ = 0 or ϕ is a multiple of a power of the Ka¨hler form. 
The following example shows that the curvature assumptions in Theorem A are different
from positive orthogonal bisectional curvature.
Example 4.1. Consider the basis Ξ1,± = 1√2 (e1 ∧ e2 ± e3 ∧ e4) , Ξ2,± = 1√2 (e1 ∧ e3 ± e4 ∧ e2) ,
Ξ3,± = 1√2 (e1 ∧ e4 ± e2 ∧ e3) for
∧2
R
4. Note that {Ξ1,+,Ξ1,−,Ξ2,−,Ξ3,−} is a basis for
u(2) ⊂ so(4).
Let ε > 0 and set µ1,+ = 6, µ2,+ = µ3,+ = 0 and µ1,− = 6+2ε, µ2,− = µ3,− = −ε. It follows
that the operator R :
∧2
R4 → ∧2R4 defined by R(Ξi,±) = µi,±Ξi,± is a Ka¨hler-Einstein
algebraic curvature operator, cf. [PW20, Example 4.3].
Note that λ1 = µ2,−, λ2 = µ3,−, λ3 = µ1,+ and λ4 = µ1,− are the eigenvalues of the
associated Ka¨hler curvature operator. In particular, for every α > 0 there is ε > 0 such that
λ1 + λ2 + αλ3 > 0 while λ1 + λ2 < 0.
Wilking [Wil13] observed that a Ka¨hler curvature operator R : u(2) → u(2) has nonneg-
ative orthogonal bisectional curvature if and only if it has nonnegative isotropic curvature.
In the above example we have R1313 = R1414 = R2323 = R2424 = − ε2 and R1234 = −ε. In
particular, R has negative isotropic curvatures.
5. A Tachibana Theorem for Ka¨hler manifolds
Proposition 5.1. The curvature tensor R ∈ Sym2B(u(n)) of
CP
k × Cn−k
satisfies |Ru|2 = 32k(k + 1)(n− k).
In particular, the curvature tensor of CPn satisfies | (RCPn) u|2 = 0.
Proof. We may assume k > 0. We will pick an orthonormal eigenbasis {Ξα} for the Ka¨hler
curvature operator so that the eigenvectors Ξα correspond to the CP
k-factor for α = 1, . . . , k2
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and to the Cn−k-factor for α = (n− k)2 + 1, . . . , n2. Specifically we consider
Rij =
1√
2
(ei ∧ ej + fi ∧ fj) for 1 ≤ i < j ≤ n,
Iij =
1√
2
(ei ∧ fj + ej ∧ fi) for 1 ≤ i < j ≤ n,
Si =
1√
i+ i2
(
−iei+1 ∧ fi+1 +
i∑
j=1
ej ∧ fj
)
for 1 ≤ i ≤ k − 1,
Ξk2 =
1√
k
k∑
i=1
ei ∧ fi,
Iii = ei ∧ fi for k + 1 ≤ i ≤ n.
In particular, {Ξ1, . . . ,Ξk2−1} = {Rij , Iij | 1 ≤ i < j ≤ k} ∪ {Si | 1 ≤ i ≤ k − 1} is an
orthonormal basis for the eigenspace corresponding to the eigenvalue λα = 2, the normalized
Ka¨hler form Ξk2 of the CP
k-factor spans the eigenspace corresponding to the eigenvalue
λk2 = 2(k + 1) and all other eigenvectors lie in the kernel.
Recall from example 1.2 that
|Ru|2 = 2
∑
α<β
∑
γ
(λα − λβ)2 g((Ξγ)Ξα,Ξβ)2
and that g((Ξγ)Ξα,Ξβ)
2 is fully symmetric in Ξα, Ξβ, Ξγ.
It suffices to consider α ∈ {1, . . . , k2}. This follows from the fact that if k2 < α < β then
λα = λβ = 0 and thus these terms do not contribute to |Ru|2.
In addition, we can assume β ∈ {k2 + 1, . . . , n2} since (λα − λβ) g((Ξγ)Ξα,Ξβ) = 0 when-
ever α, β ∈ {1, . . . , k2}. Indeed, we can assume Ξβ = Ξk2 as otherwise λα = λβ. However,
since (Ξα)Ξk2 = 0 due to remark 1.4, it follows that g((Ξγ)Ξα,Ξβ)
2 = g((Ξα)Ξβ,Ξγ)
2 = 0.
Similarly we can assume γ ∈ {k2 + 1, . . . , n2}. Otherwise Ξα,Ξγ ∈ u(k) and hence also
(Ξγ)Ξα = [Ξγ ,Ξα] ∈ u(k) while Ξβ ∈ u(k)⊥ ⊂ u(n) for β ∈ {k2 + 1, . . . , n2}.
In fact, it suffices to consider β, γ ∈ {k2 + 1, . . . , (n− k)2}, i.e. that Ξβ,Ξγ correspond to
mixed curvatures: by definition of the basis, Ξα and Ξδ do not have overlapping indices for
α ∈ {1, . . . , k2} and δ ∈ {(n− k)2 + 1, . . . , n2}. This implies (Ξα)Ξδ = 0.
Overall we conclude that
|Ru|2 = 2
k2∑
α=1
(n−k)2∑
β,γ=k2+1
λ2α g((Ξβ)Ξγ ,Ξα)
2.
Note that the projection of (Ξβ)Ξγ onto u(k) ⊂ u(n) can only be non-zero if Ξβ,Ξγ have
a common index a > k + 1. All of these possibilities are given by
(Ria)Rja =
1√
2
Rij , (Iia)Ija =
1√
2
Rij,
(Ria)Ija = − 1√
2
Iij , (Iia)Rja =
1√
2
Iij ,
(Ria)Iia = Iaa − Iii, (Iia)Ria = Iii − Iaa
where 1 ≤ i, j ≤ k, i 6= j, and k + 1 ≤ a ≤ n.
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Notice the first four terms all give the same contribution to |Ru|2 and λα = 2 in all cases.
Since each term appears k(k−1)(n−k)-many times, these terms add up to 16k(k−1)(n−k).
Furthermore, since g(Iaa− Iii,Ξk2)2 = 1k and all other inner products with Ξk2 vanish, the
inner products of the last two terms with Ξα = Ξk2 contribute 16(k + 1)
2(n− k) to |Ru|2.
Finally, notice that
g(Iaa − Iii, Sj) =

0 i > j + 1,
− j
j+j2
i = j + 1,
− 1
j+j2
i < j + 1.
Since all Sj are eigenvectors corresponding to the eigenvalue λα = 2 the contribution of
the above terms amounts to
16(n− k)
(
k−1∑
j=1
j∑
i=1
1
j + j2
+
k−1∑
j=1
j2
j + j2
)
= 16(n− k)(k − 1).
Overall,
|Ru|2 = 16(n− k)(k(k − 1) + (k + 1)2 + k − 1) = 32k(k + 1)(n− k).

The computation of |Ru|2 for a general Ka¨hler curvature tensor R ∈ Sym2B(u(n)) relies on
the decomposition of Sym2B(u(n)) into orthogonal, U(n)-irreducible components.
Let R˚ic = Ric− scal
n
g denote the trace-free part of the Ricci curvature and let ρ0 denote
the primitive part of the Ricci form, i.e. ρ0(·, ·) = R˚ic(J ·, ·). It follows that every Ka¨hler
curvature tensor satisfies
R =
scal
2n(n+ 1)
(
n+ 1
n
ω ⊗ ω + id∧1,1
0
)
+
1
n
(ρ0 ⊗ ω + ω ⊗ ρ0) +B0.
This is the decomposition of the space of Ka¨hler curvature tensors into the orthogonal
subspaces of Ka¨hler curvature tensors with constant holomorphic sectional curvature, Ka¨hler
curvature tensors with trace-free Ricci curvature, and Ka¨hler Weyl tensors, cf. [Mor73],
[Sit73] or [Joh77]. In fact, due to a result of Triccerri-Vanhecke [TV81, Theorem 5.2], this
decomposition is U(n)-irreducible.
For a Ka¨hler curvature tensor R ∈ Sym2B(u(n)) set
R˚ = R − scal
2n(n+ 1)
(
n+ 1
n
ω ⊗ ω + id∧1,1
0
)
.
Note that the curvature tensor of CPn with the Fubini Study metric is
RCPn = 2
(
n+ 1
n
ω ⊗ ω + id∧1,1
0
)
and in particular R ∈ Sym2B(u(n)) has constant holomorphic sectional curvature if and only
if |R˚|2 = 0.
Furthermore, | (RCPn) u|2 = 0 implies that LRCPn = 0 for all L ∈ u(n) and thus we have
LR = LR˚ for every L ∈ u(n) and every R ∈ Sym2B(u(n)).
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Lemma 5.2. Every algebraic Ka¨hler curvature tensor R ∈ Sym2B(u(n)) satisfies
|Ru|2 = 4(n+ 1)|R˚|2 − 4|R˚ic|2.
In particular, |Ru|2 = 0 if and only if R has constant holomorphic sectional curvature.
Proof. Due to the U(n)-irreducibility of the decomposition of Sym2B(u(n)), there are con-
stants a, b, c ∈ R such that
|Ru|2 = a scal2+b|Ric |2 + c|R|2
for every algebraic Ka¨hler curvature tensor R ∈ Sym2B(u(n)).
Evaluation on the curvature tensors of CPk ×Cn−k yields a = 0, b = −4 and c = 4(n+ 1)
due to proposition 5.1.
It follows that
|Ru|2 = 4(n + 1)|R|2 − 4|Ric |2 = 4(n+ 1)|R˚|2 − 4|R˚ic|2 = 4
n
|R˚ic|2 + 4(n+ 1)|B0|2.
In particular, Ru = 0 if and only if R˚ = 0, which implies the claim. 
Proof of Theorem E. The curvature tensor R of an Einstein manifold is harmonic and
thus satisfies the Bochner formula
∆
1
2
|R|2 = |∇R|2 + 1
2
· g(Ric(R), R).
For algebraic Ka¨hler curvature operators R ∈ Sym2B(u(n)) it follows as in [PW20, Lemma
2.2] that
|LR|2 = |LR˚|2 ≤ 8|L|2|R˚|2
for every L ∈ u(n). In the Ka¨hler-Einstein case, R˚ic = 0, lemma 5.2 thus implies
|LR|2 ≤ 2
n + 1
|L|2|Ru|2
for every L ∈ u(n). Combined with proposition 1.6 and lemma 1.8, the assumption
λ1 + . . .+ λ⌊n+1
2
⌋ +
1 + (−1)n
4
· λ⌊n+1
2
⌋+1 ≥ 0
on the eigenvalues of the Ka¨hler curvature operator yields
g(Ric(R), R) ≥ 0.
Hence the maximum principle shows that R is parallel. Moreover, if the inequality is
strict, then g(Ric(R), R) > 0 unless |Ru|2 = 0. According to lemma 5.2, this is the case if
and only if R has constant holomorphic sectional curvature. 
Example 5.3. In the proof of Theorem E we used that for every L ∈ u(n) and every
R ∈ Sym2(u(n)) we have
|LR|2 ≤ 8|L|2|R˚|2.
This estimate is optimal.
Following the notation of example 4.1, define an algebraic curvature operator R by setting
µ1,+ = 3, µ2,+ = µ3,+ = 0 and µ1,− = −1, µ2,− = 1, µ3,− = 3. Note that R is Einstein. Let
R ∈ Sym2B(u(2)) denote the associated Ka¨hler curvature tensor.
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Since |g ((Ξi,±)Ξj,±,Ξk,±) | =
√
2 if {i, j, k} = {1, 2, 3} and all signs agree, and zero
otherwise, example 1.2 and lemma 5.2 imply that |R˚|2 = |Ru|2
12
= 8 and |Ξ1,+R|2 = 0,
|Ξ1,−R|2 = 2|R˚|2, |Ξ2,−R|2 = 8|R˚|2, |Ξ3,−R|2 = 2|R˚|2. In particular, |Ξ2,−R|2 achieves equal-
ity in the above estimate.
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